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Testing Joint Hypotheses

Given an i.i.d. sample {(Yi, X2i, · · · , XKi)}n

i=1 and usual assumptions, consider a model:

Yi = ω1 + ω2X2i + · · · + ωKXKi + ei

With more complex models can we test more complex hypotheses?

• Joint hypothesis: a null hypothesis made up of several equalities,

• H0: equalities are all true together

• H1: some of these equalities are not true

• Common example, suppose all (non-constant) regressors have coe!cients of zero:

H0 : ω2 = 0 and ω3 = 0 · · · and ωK = 0 H1 : ω2 →= 0 or ω3 →= 0 or · · · or ωK →= 0

• Another example:

↭ Collect data on grades, time spent studying, time in lecture, and time in TA sessions
↭ Estimate the following model:

gradei = ω1 + ω2studyi + ω3lecturei + ω4TAi + ei

↭ Student claims time in lecture is twice as helpful as time in TA sessions, and that
studying on her own is useless. State claim as a null hypothesis against the natural
alternative:

H0 : ω2 = 0 and ω3 = 2ω4, H1 : ω2 →= 0 or ω3 →= 2ω4

Equivalently:

H0 : ω2 = 0 and ω3 ↑ 2ω4 = 0, H1 : ω2 →= 0 or ω3 ↑ 2ω4 →= 0

∗I’d like to thank Ben Pirie and Lucas Zhang for providing much of this material. All mistakes are my own.
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The F distribution and the p-value

• Recall that the OLS estimates are defined with a minimization problem
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• Refer to the usual OLS estimates as unrestricted estimates, denoted b
U

k

• If H0 true, then imposing H0 shouldn’t change the value of the minimum much

• Define restricted estimates as the solution to a constrained minimization problem:
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• Define the restricted and unrestricted sum of squared errors:
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• Unrestricted estimates minimize SSEU =↓ can’t generate a smaller SSE

• Unrestricted minimum is weakly smaller than restricted minimum. Mathematically,

SSER ↔ SSEU ↗↓ SSER ↑ SSEU ↔ 0

If H0 is true then SSER ↑ SSEU will be close to zero. A large SSER ↑ SSEU is evidence that
the null hypothesis isn’t true

If the null hypothesis H0 contains J restrictions (equations), then under H0:

(SSER ↑ SSEU)/J

SSEU/(n ↑ K) ↘ F (J, n ↑ K)

where

• F (J, n ↑ K) denotes the F distribution with J and n ↑ K degrees of freedom;

• J is the number of restictions in the null (count the number of equalities in the null);

• n is the sample size;

• K is the number of parameters (ω’s) in your model

constraints

->
con F,n

# of restriction dogroes of freedomN

(Notation : # =
number of

(in some textbooks Of is also

included as a parameter)
- #B + 2- see your

lecture notes

from class and follow that convention

Important !! (could bo #Bs or #55 + 1)
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Compute F̂ = (SSER↑SSEU )/J

SSEU /(n↑K) from the sample

Let Fc denote the critical value of F (J, n ↑ K) distribution

Reject null hypothesis if

• F̂ > Fc (indicates the F̂ computed under the null is too extreme to be likely);

• equivalently, compute the p-value

p-value = P

(
F (J, n ↑ K) ↔ F̂

)

and reject the null if p is less than the given significance level ε

Some observations:

• Dividing by SSEU is similar in spirit to dividing by standard error in simple hypothesis
tests

• In practice, the p-value of a joint hypothesis test is often very small

• If we reject the null hypothesis, this does not mean that we believe every equality is false!
One equality or more is likely false, but one (or more) may be true...we simply can not
distinguish which hypothesis in the null is false

Some notable special cases of F -tests include

(a) The first example above:

H0 : ω2 = 0, ω3 = 0, · · · , ωK = 0 vs. H1 : ω2 →= 0 or ω3 →= 0 or · · · or ωK →= 0

This hypothesis test is automatically run and reported in R

(b) Testing a single restriction, such as H0 : ω2 = 0 against H1 : ω2 →= 0. In this case, the
F -test is equivalent to the familiar t-test

From what follows I will uso #B's

2=
3%

In this
case

↓ p-value
5 %

Fa = F
--
not rejection aa rojection aroe
=

Accumulatosprobability
in thea

[Intuitionshat is the likelihood

-> that the random variable

F(J , n- K) is greater
or equal to

=> P-value

vory easy
-> to reject

same relationship

for both , statistic

&
and probability

↑ test for 1 restriction : F = (E)
"e

distribution

just for the 1 restriction case ! and F(1-K= (not
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Practice Questions

Exercise 1

Suppose we collect n = 1000 i.i.d. observations on grades and time spent studying, attending
lecture, and attending TA sessions:{(gradei, studyi, lecturei, TAi)}n

i=1. We estimate the following
model:

gradei = ω1 + ω2studyi + ω3lecturei + ω4TAi + ei

In our output we get the following results:

b1 = 30, b2 = 4, b3 = 2.5, b4 = 2,
∑

i

(gradei ↑ ⊋grade
i
)2 = 334, 884.26

Ĉov(b1, b2, b3, b4) =





V̂ ar(b1) Ĉov(b1, b2) Ĉov(b1, b3) Ĉov(b1, b4)
Ĉov(b2, b1) V̂ ar(b2) Ĉov(b2, b3) Ĉov(b2, b4)
Ĉov(b3, b1) Ĉov(b3, b2) V̂ ar(b3) Ĉov(b3, b4)
Ĉov(b4, b1) Ĉov(b4, b2) Ĉov(b4, b3) V̂ ar(b4)




=





10 0.2 0.4 ↑0.2
0.2 1.30 ↑1 3
0.4 ↑1 2 ↑0.4

↑0.2 3 ↑0.4 3





A student never studies or attends TA sessions. He claims that both studying and TA sessions
are useless, and that by attending 20 hours of lecture (with zero time studying and zero time in
TA sessions) his expected grade is 90 .

(a) State the student’s null hypothesis and the natural alternative hypothesis.

(b) We estimate the model subject to the null hypothesis and find SSER = 345, 868.86. Pro-
vide an expression for the p-value of the test, including a complete description of the
relevant distribution.

(c) The student got a B on the midterm and is distraught. He now says studying is useless,
and now makes no claim about lecture or TA sessions. State the new null hypothesis
against a two-sided alternative.

(d) We estimate a model enforcing the new null hypothesis (from (c)) and find SSER =
339, 117.38. Think about two methods of testing the hypothesis in part (c) and provide
two corresponding expressions for the p-value.

En(unconstrained

⑳

347
.
298
,
87

&

num

(a) constructing Ho :

(i) Study does not affect the grade - Be = 0

(ii) TA sessions does not affect the grade - Bu =

# [grade n studyio Lectura 20
,
TAI =0] = go

#(ii)Bi + 20. Bs = 90



· Null hypothesis · alternative hypothesis

S B2 = 0 E
,Bo , or

Ho : By = 0 H : By to , or

B1 + 20 .B - 90 = 0 B2 + 2033 - 90 7 0

I

(b) SSEr = 345 , 868 .
86

J = 3
restrictions

df = n - k = 2
,

000 - 4 = 996
(df = degrees of

freedom

F =
10.

rejec
Ho

Finding the P-value ↑
Pr (F3, 990 = #) = Pr (53, 996 - 10 . 89) = 0 . 002

(a) Ho : Br =o
Ma : B2 +

0

(i) Could use a
t-test

under
tho null B2= 0

3.



(ii) Could use a F test

↑SERSE,
New SSER =?

need gato-restricted , that
is wo need

now estimates bir b bi
bR = 0 (restriction)
2

also need values of

ETA
,

LectureMer

(d)We we given
New SSER = 347, 198 .

87

FERSE 12. 3078

F" 3 .

5082 = E (from (a)
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Exercise 2

Consider the following wage equation

ln(wage) = ω1 + ω2educ + ω3educ
2 + ω4exper + ω5exper

2 + ω6(educ → exper) + e

where the explanatory variables are years of education and years of experience. Estimation
results for this variable are shown in Figure below. These results are from the 200 observations
in the file cps5 small.

1. What restriction on the coe!cients of Eqn (A) gives Eqn (B)? Use an F-test to test this
restriction. Show how the same result can be obtained using a t-test.

2. What restrictions on the coe!cients of Eqn (A) give Eqn (C)? Use an F-test to test these
restrictions. What question would you be trying to answer by performing this test?

3. What restrictions on the coe!cients of Eqn (B) give Eqn (D)? Use an F-test to test these
restrictions. What question would you be trying to answer by performing this test?

4. What restrictions on the coe!cients of Eqn (A) give Eqn (E)? Use an F-test to test these
restrictions. What question would you be trying to answer by performing this test?

5. Based on your answers to parts (a)–(d), which model would you prefer? Why?

6 parameter

X - - - #***

X X X
***

X Y X

~ - Flatte
-x -

A =

(BIC)

Solution
1)Compare coefficients :
Eqn t

has interaction form (educ x exper) , with coefficient
- 0.001703

Equ B does not have this
interaction term



Restriction : coefficient ofexper educ) equals 0

=> Bo = 0 -> 2 restriction

F-test
unrestricted mode : Egn A

restricted model : Equ B

=>FRE1 =
3

at 5%

Fo(1 , 294) = 3 .

8898

Do not reject
therull

(You could also use
t-test for this question

because
j = 1)

at 5 %

ta(194) = -1 .

9723 ,
t(194) = Fe(t , 29n)

2) Comparing Equ A
to EgnC

Absent in EgnC :

·Interaction (experx educ

· exper

· exper
?



=> restrictions of the following fashion
By = o (exper coeft form)

B5 = 0 (expor
coff term)

Bo = 0 (Lexpexedua) coff term)

Equ A : unrestricted

Eqh C : restricted

SSEn= 37. 326

SSER = 40 . 700

#70037326/33
at 5%

Fc(3 , 194) = 2 .

6522

# > Fc(3 , 294)

reject the mill



3) Compare Egn B and EqnD

Absent in EqnD :

.
educ - B2 =0 yj = 2
· educt - B3 = 0

In this care Egn B is the

unrestructed - nood to take into

account that the

degrees of froodom

may change

Equ B : 5 parameters
=> df = 195

# =(52 .
271 - 37 . 96472

=
36

. 2996

37. 964/195 ↓

at 5
% to large ,

Fc(2 , 193)= 3 .0422 Reject Ho
for surey



4) Compare mode A and E

Absent in E

·duz
· A : unrestricted mode (df = 194)
· E : restricted mode

# =(6. 0223732 =
0

at 5 %

Fc (2 , 194) =
3
.

0425

Do not reject
thenull

how will the
model fits

3) Trade-off-> the data (t)↓
how complex the mode

is ()

AIC Hands to Select large models

tends to select smaller
models

BIC

In this exercise ,
both AIC and BIC favour

mode E.
,
-statistic forouch paramotor also

favours E Il


