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Econ 103: Introduction to Econometrics

Week 9

TA: Patrick Molligo *
Winter 2022

Testing Joint Hypotheses

Given an i.i.d. sample {(Y;, Xo;, -, Xgi) -, and usual assumptions, consider a model:
Yi=p1+ BeXoi+ -+ B Xki + €
With more complex models can we test more complex hypotheses?

e Joint hypothesis: a null hypothesis made up of several equalities,

Hy: equalities are all true together b rmi' Hue
j

T oleast one
e H,: some of these equalities are not true —7 o

Common example, suppose all (non-constant) regressors have coefficients of zero:

Hy : fo=0and f3=0--- and fx =0 Hy; : Bo#0o0r f3#0or --- or fx #0

Another example:

s Collect data on grades, time spent studying, time in lecture, and time in TA sessions

s Estimate the following model:

grade; = 1 + Pastudy; + Pslecture; + B4 TA; + €;

m Student claims time in lecture is twice as helpful as time in TA sessions, and that
studying on her own is useless. State claim as a null hypothesis against the natural

alternative:
Hy : 2 =0and B3 = 204, Hy @ Ba#0or b5 # 204
Equivalently:
Hy : B2 =0and 3 — 28, =0, Hy @ Ba#0or 3 —208,#0

*I’d like to thank Ben Pirie and Lucas Zhang for providing much of this material. All mistakes are my own.
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Week 9

The F distribution and the p-value

e Recall that the OLS estimates are defined with a minimization problem

b, b solves mlrl}* Z — 03Xy — - — b}XKi)Q

17 K =1

Refer to the usual OLS estimates as unrestricted estimates, denoted b

If Hy true, then imposing Hj shouldn’t change the value of the minimum much

Define restricted estimates as the solution to a constrained minimization problem:

bit . bR solves min DY by — b5 Xo — - — b X )’
subjlect toKHo =1
wnsWCn\r’&
e Define the restricted and unrestricted sum of squared errors:

" 2

SSEy =Y (Yi— by — b Xoi — -+ — b Xis)
i=1
" 2

SSER =3 (Yi— bf = bf X — - = bji X i)

i=1

Unrestricted estimates minimize SSE; = can’t generate a smaller SSE

Unrestricted minimum is weakly smaller than restricted minimum. Mathematically,

SSER > SSEU S SSER = SSEU >0

If Hy is true then SSERr — SSEy will be close to zero. A large SSEr — SSEy is evidence that
the null hypothesis isn’t true

If the null hypothesis Hy contains J restrictions (equations), then under Hy:

o FO0

be “‘lf}“\ﬁ\/e ’

(SSER — SSEy)/J
SSEU/<T7, - K)

where # ob rudmetvons rees 6‘% ?(‘ce,dwm
£ - deg
e F(J,n — K) denotes the F distribution with J and n — K degrees of freedom;

~ F(J,n—K)

e J is the number of restictions in the null (count the number of equalities in the null);

— Num'eey QOE)
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From loase qd Vollow Hhgt convenhion
imeoo%ﬂan{f (c,aud be # s or #Ps + 1)

e n is the sample size;

e K is the number of parameters 6 S (ﬂ your model
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Let F. denote the critical value of F'(J,n — K) distribution

Reject null hypothesis if

« F>F, (indicates the [ computed under the null is too extreme to be likely);

(ZSJ‘ "‘k\\on()u\vw\‘ s M\e Ji¥e ) hood \
Uk bhe random Vardebe
N
Or QW\ ’\\9 F

Some observations: = - \/QL«A_Q

e equivalently, compute the p-value

p—value:P(F(J,n—K) ZI:’)

and reject the null if p is less than the given significance level «

e Dividing by SSFEy is similar in spirit to dividing by standard error in simple hypothesis

tests
VR, katy
e In practice, the p-value of a joint hypothesis test is often very small — v o7 et

e If we reject the null hypothesis, this does not mean that we believe every equality is false!
One equality or more is likely false, but one (or more) may be true...we simply can not
distinguish which hypothesis in the null is false

Some notable special cases of F-tests include
(a) The first example above:
Hy : fo=0,83=0,---,86k=0 vs. Hy : Bo#0o0rf3#0or --- or fg #0
This hypothesis test is automatically run and reported in R

(b) Testing a single restriction, such as Hy : (3 = 0 against H; : f2 # 0. In this case, the
Same e LatRonship

F-test is equivalent to the familiar t-test /N A2 :
Lo ook, shubishic
{f JVES/{/ Q‘Or i.. FQ\((\]‘YW“ C/}\\Q/\ 4 F = (t) e\ Wmi:‘:::flf?
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Practice Questions

Exercise 1

Suppose we collect n = 1000 i.i.d. observations on grades and time spent studying, attending
lecture, and attending TA sessions:{(grade;, study;, lecture;, T A;) }I,. We estimate the following
model:

grade; = (1 + Pastudy; + Bslecture; + B,TA; + e;

In our output we get the following results:

by=30, by=4,  bs=25  b=2 S (grade; — grade;)® = 334,834.26

1

ZSSEw (Unc,gm\‘ro\m ed)

Var(b)  Cov(b,by) Couv(by,bs) Cov(by, bs) 10 02 04 —02
Cov(by. by, b by) — Cov(by,by)  Var(by)  Cou(by,b3) Cov(be,by)| | 0.2 (1307 —1 3
PR T Coulbs, by) Cou(bs,by)  Var(bs)  Coulbs,by)| | 04 -1 2 —04

Cov(by,by) Couv(by,by) Couv(by,bs)  Var(by) —02 3 —04 3

A student never studies or attends TA sessions. He claims that both studying and TA sessions
are useless, and that by attending 20 hours of lecture (with zero time studying and zero time in
TA sessions) his expected grade is 90 .

(a) State the student’s null hypothesis and the natural alternative hypothesis.

(b) We estimate the model subject to the null hypothesis and find SSERr = 345, 868.86. Pro-
vide an expression for the p-value of the test, including a complete description of the
relevant distribution.

(c) The student got a B on the midterm and is distraught. He now says studying is useless,
and now makes no claim about lecture or TA sessions. State the new null hypothesis
against a two-sided alternative. 34F.298, 8%

(d) We estimate a model enforcing the new null hypothesis (from (c)) and find SSER Y
Howripgi. Think about two methods of testing the hypothesis in part (c¢) and provide
two corresponding expressions for the p-value.

(0)  constoucting Po
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£ B+ 207 f3 = 1
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Exercise 2

6 ?ath QA\-Q"

Consider the following wage equation

In(wage) = B1 + Paeduc + Pzeduc® + Byexper + Psexper? + Bgeduc * exper) + e

where the explanatory variables are years of education and years of experience. Estimation
results for this variable are shown in Figure below. These results are from the 200 observations
in the file cps5_small.

d.

Coefficient Estimates and (Standard Errors)

Variable Eqn (A) Eqn (B) Eqn (C) Eqn (D)
C 0.403 e 1.483 1.812 / 2674/ 1.256 Au&e N}/
0.771) (0.495) (0.494) (0.109) (0.191)
EDUC 0.175 \)( 0.0657 00665 0.0997 Aé Yl
(0.091) (0.0692))< (0.0696) 0.0117)
EDUC? ~0.0012 % 0.0012 >< 0.0010 —
—
(0.0027) (0.0024) (0.0024)
EXPER 0.0496 / 0.0228 / 0.0314 / 0.0222 A@gzgd
(0.0172) (0.0091) (0.0104) (0.0090)
EXPER? ~0.00038 / ~0.00032 —0.00060 / —0.00031
(0.00019) (0.00019) X (0.00022) (0.00019)
EXPER x EDUC ~0.001703 —
(0.000935) }
SSE 37.326 37.964 40.700 52.171 38.012
AIC ~1.619 ~1.612 ~1.562 ~1.620
sc(pxc) ~1.529 ~1.513 —1.264 ~1.554

. What restriction on the coefficients of Eqn (A) gives Eqn (B)? Use an F-test to test this

restriction. Show how the same result can be obtained using a t-test.

. What restrictions on the coefficients of Eqn (A) give Eqn (C)? Use an F-test to test these

restrictions. What question would you be trying to answer by performing this test?

What restrictions on the coefficients of Eqn (B) give Eqn (D)? Use an F-test to test these
restrictions. What question would you be trying to answer by performing this test?

What restrictions on the coefficients of Eqn (A) give Eqn (E)? Use an F-test to test these
restrictions. What question would you be trying to answer by performing this test?

Based on your answers to parts (a)—(d), which model would you prefer? Why?
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